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The η-3N-interaction is studied within the four-body scattering theory adopting purely separable
forms for the two- and three-body subamplitudes, limiting the basic two-body interactions to s-waves
only. The corresponding separable approximation for the integral kernels is obtained by using the
Hilbert-Schmidt procedure. Results are presented for the η-3H scattering amplitude and for the
total elastic cross section for energies below the triton break-up threshold.
PACS numbers: 13.60.Le, 21.45.+v, 25.20.Lj
I. INTRODUCTION
In the last ten years the interaction of η-mesons with few-nucleon systems has attracted considerable interest, and
quite a large amount of research has been carried out both on the experimental as well as on the theoretical side. The
major aim of this activity is to obtain a well-defined conceptual picture of the low-energy η-nuclear interaction which
then may serve to clarify the foundation of the more fundamental ηN problem.
Of special interest is the η-3N -system, for which exactly soluble models are available. At the same time it encloses
a much wider range of phenomena than the more simple ηNN case. In this context we would also like to mention
several precise experimental investigations of η-production on three-body nuclei performed during the last decade [1–3].
Previous theoretical studies in this area were restricted to various approximations in treating the few-particle aspects
of this problem. As an earlier nonperturbative calculation, we would like to refer to the optical model approach of [4],
whose purpose was to estimate qualitatively the possible formation of bound η-meson states with the lightest nuclei.
More refined calculations were presented in [5], where the authors were able to sum the multiple scattering series
for the η-3H amplitude, including several important corrections to the trivial optical limit. Another result reported
in [6] were obtained within the so-called finite-rank-approximation (FRA) which has recently been applied also to the
η-production from three-body nuclei [7,8]. The crucial point of this model is the neglect of target excitations during
the interaction with the η-meson. Clearly this assumption allows one to avoid the complications associated with the
direct solution of the four-body dynamical equations. Concerning the present study, we were guided by the idea
that the approximations used in many-body physics, such as the optical model or adiabatic treatment of the target,
may fail when few-particle systems are studied. Especially, this seems to be true for small kinetic energies, where
the unitarity conditions of the scattering matrix, nucleon recoil and other effects become significant. Their neglect,
tolerated in various many-body approaches, may affect drastically the quality of the few-body results. Therefore, the
present work is intended to solve the η-3N -problem without making any such not well controlled approximations.
The basis of our calculation is the four-body formalism in momentum space. Although a variety of methods for
solving the n-particle problem has been proposed in the literature, the Faddeev-Yakubovsky theory [9,10] and the one
of Alt, Grassberger and Sandhas (AGS) [11,12] are most convenient and preferred for practical applications. Adopting
the separable representation for the driving two-body potentials as well as for the subamplitudes appearing in the
(1+3)- and (2+2)-partitions of the four-body system, both approaches lead to the same set of effective two-body
equations [11,13,14]. As is well known, the separable approximation of the integral kernels permits one to represent
the dynamical equations in terms of particle exchange diagrams. Due to this tractability and its relatively simple
numerical realization, this method has received wide acceptance in few-body physics. Thus at present, a feasible
formalism of four-particle theory has been extensively developed, despite the much more complex structure of the
corresponding equations compared to the three-body case. After the work of Tjon [15] impressive results have been
obtained in recent years for the four-nucleon low-energy interaction (see e.g. [16] and references therein), as well as for
pion absorption on three-nucleon systems [19–21]. With respect to other techniques we would like to refer to recent
work in [17] and [18].
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The paper is organized as follows. In the next section we outline briefly the formal aspects concerning the application
of the four-body formalism to the η-3N system within the quasiparticle approach. Besides the basic equations we
introduce here the two- and three-body ingredients of the model. Our results for η-3H elastic scattering are presented
in Sect. III, and conclusions are drawn in the last section. Details are given in two appendices.
II. APPLICATION OF THE FOUR-BODY FORMALISM TO THE η-3N SYSTEM
The separable method is well known to allow one to reduce the n-body problem to an in general simpler (n− 1)-
body case, where one of the constituents appears as a quasiparticle, i.e., a two-body bound, virtual or resonance
state. In particular, the three-body equations for the (3→3) transition amplitudes are exactly reduced to effective
two-particle equations of Lippmann-Schwinger type. Their kernels contain the off-energy-shell (2→2) amplitudes
for all two-body subsystems. In an analogous manner, the four-body scattering kernels can be expressed in terms
of subamplitudes stemming from the decomposition of the four-body system into the partitions (1+3) and (2+2).
Therefore, approximating these subamplitudes once more by a separable ansatz we can again reduce the four-body
problem to an effective quasiparticle two-body one. The formal details of this two-step reduction scheme may be
found in Refs. [11,13,14]. Here we restrict ourselves to a brief description of the resulting quasi-two-body equations
as applied to the η-3N system.
A. The four-body η-3N equations
Since our formalism does not include Coulomb forces, we will consider for definiteness the η-3H interaction through-
out this paper. All appropriate states are assumed to be properly antisymmetrized with respect to the nucleons. The
corresponding antisymmetrization procedure is outlined in Appendix A. Then we are led to the following three chan-
nels, corresponding to three possible two-quasiparticle partitions of the η-3N system
(1): η + (3N) , (2) : N + (ηNN) , (3) : (Nη) + (NN) . (1)
We only need the amplitudes connecting the initial asymptotic state, consisting of the 3N bound state (3H) and a
free η-meson, with all three channels listed in (1). They obey a set of three coupled integral equations (see Appendix
A), whose structure is represented by the following matrix equation
 X1X2
X3

 =

 0Z21
Z31

+

 0 Z12 Z13Z21 Z22 Z23
Z31 Z32 0



 Θ1 Θ2
Θ3



 X1X2
X3

 . (2)
Here the index α=1, 2, 3 stands for the channel (α) from (1). The amplitude Xα describes the transition (1) → (α).
The effective potentials1 Zαβ are expressed in terms of the form factors, generated by the separable representation of
the subamplitudes appearing in the channels (1).
Because here we consider only low energy scattering, we take into account only the dominant s-wave part of the
interaction in the two-body subsystems and thus only s-waves in the three- and four-particle states. Therefore, the
matrix elements are diagonal with respect to the total spin S. For the elastic η-3H scattering we need to consider only
those states where the spins and isospins of all nucleons are coupled to S = T = 1/2. In all expressions to follow we
drop the index L = 0. The explicit analytical form of the potentials Zαβ , taking into account the spin-isospin degrees
of freedom, is given in the Appendix B. In a more detailed notation the system (2) reads
X
(ss′)
α;nn′(p, p
′, E) = (1− δα1)Z(ss
′)
α1;nn′(p, p
′, E)
+
3∑
β=1
(
1− δαβ(1− δα2)
) ∑
n′′s′′
∞∫
0
Z
(ss′′)
αβ;nn′′(p, p
′′, E)Θβ;n′′(Eβ)X(s
′′s′)
β;n′′n′(p
′′, p′, E)
p′′2 dp
2π2
. (3)
1Following the work [11] we explore the formal analogy with the Lippmann-Schwinger equation and use for the driving terms
Zαβ the suggestive term “potential”.
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The index s = (0, 1) in the above equations corresponds to the total spin of the given NN pair. Clearly, due to the
pseudoscalar-isoscalar nature of the η-meson, the value of s fixes uniquely the spin structure of the overall 4-body
state with total spin S=1/2. In view of the limitation of the two-body interaction to the dominant s-wave part, the
isospin t of a NN pair is fixed by its spin s through the condition s+ t = 1. The subenergies Eβ in (3) are defined as
Eβ = E − p
′′2
2Mβ
, (β = 1, 2, 3) , (4)
with reduced masses
M1 =
3MNmη
3MN +mη
, M2 =
MN(2MN +mη)
3MN +mη
, M3 =
2MN(MN +mη)
3MN +mη
. (5)
A graphical representation of the system (3) is shown in Figs. 1 and 2.
The structure of (2) allows one to eliminate the channel (1) yielding an equivalent set of only two coupled equations
for the amplitudes X2 and X3. In detail, one has for α ∈ {2, 3}
X
(ss′)
α;nn′(p, p
′, E) = Z
(ss′)
α1;nn′(p, p
′, E) +
∑
β=2,3
∑
n′′s′′
∞∫
0
Z˜
(ss′′)
αβ;nn′′(p, p
′′, E)Θβ;n′′(Eβ)X(s
′′s′)
β;n′′n′(p
′′, p′, E)
p′′2 dp
2π2
, (6)
where the new effective potentials are given by (α, β ∈ {2, 3})
Z˜
(ss′)
αβ;nn′(p, p
′, E) =
(
1− δαβ(1 − δα2)
)
Z
(ss′)
αβ;nn′(p, p
′, E)
+
∑
n′′s′′
∞∫
0
Z
(ss′′)
α1;nn′′(p, p
′′, E)Θ1;n′′(E1)Z(s
′′s′)
1β;n′′n′(p
′′, p′, E)
p′′2dp′′
2π2
. (7)
After solving the system (6), the amplitude X1 is obtained from
X
(ss′)
1;nn′(p, p
′, E) =
∑
β=2,3
∑
n′′s′′
∞∫
0
Z
(ss′′)
1β;nn′′(p, p
′′, E)Θβ;n′′(Eβ)X(s
′′s′)
β;n′′n′(p
′′, p′, E)
p′′2dp
2π2
. (8)
The set of equations (6) is more suitable for the numerical solution than (3), since in the former case the integration
over the triton pole in the propagator Θ1 may be carried out independently from the procedure of solving the system
(6) itself. Thus the kernels in (6) are smooth functions of the integration variable, and the equations may be solved
by direct matrix inversion. We recall that below the triton break-up threshold we are dealing with only nonsingular
potentials Zαβ .
B. The subamplitudes
The key ingredient of the quasiparticle method [11,14], leading to the equations of the type (3), is the separable
representation of the off-shell scattering amplitudes for the two- and three-body subsystems, appearing in the (2+2)-
and (1+3)-partitions. In our case, the two types of two-body subsystems involved are NN and ηN , denoted in the
following by “d ” and “N∗”, respectively. For the corresponding scattering matrices we adopt the simplest rank-one
separable form. In detail, we use for the NN interaction
t
(s)
d (q, q
′, z) = g
(s)
d (q)τ
(s)
d (z)g
(s)
d (q
′) , (9)
with
τ
(s)
d (z) = −
1
2MN
[
1− 1
4π2
∞∫
0
[g
(s)
d (q)]
2
zMN − q2 q
2dq
]−1
. (10)
Here the upper index (s) stands for the singlet (s = 0) and triplet (s = 1) NN states. For the form factors g
(s)
d (q) we
use the simplest parameterization
3
g
(s)
d (q) = g
(s)
d
β2s
β2s + q
2
. (11)
Analogously, we choose in the ηN channel
tN∗(q, q
′, z) = gηN∗(q)τN∗(z)g
η
N∗(q
′) , (12)
with
τN∗(z) = −
[
z +MN +mη −M0 − Ση(z)− Σπ(z)
]−1
, (13)
where
Σρ(z) =
∞∫
0
[gρN∗(q)]
2
z +mη −mρ − q22µρN + iǫ
q2dq
2π2
, (14)
and
gρN∗(q) = g
ρ
N∗
β2ρ
β2ρ + q
2
, µρN =
MNmρ
MN +mρ
, ρ ∈ {π, η} . (15)
The parameters appearing in (11), (13) and (15) are summarized in Table I. Those for the NN interaction were taken
from the low-energy NN fit presented in [22], and the ηN -parameters are chosen as to reproduce the scattering length
aηN = (0.75 + i 0.27) fm which agrees with the most recent results [23,24]. However, our parameterization gives a
different value for the effective range parameter r0 = (1.95 + i 0.07) fm compared to r0 = (1.5 + i 0.24) fm of [24].
Unfortunately, we are not able to fit both values aηN and r0 simultaneously, which is of course the price one has to
pay for using the simplest separable ansatz (9). When comparing our predictions with those of [5,6] we use also other
sets of ηN -parameters chosen in such a way that they lead in each case to the corresponding value of aηN used there
(see Table III).
Turning now to the general scheme, we have to introduce also the separable representation for the three-body
subamplitudes, which will then serve as a necessary input for the four-body calculation. For this purpose we apply
the Hilbert-Schmidt expansion. The main formal aspects of the procedure can be found e.g. in [25,26].
The three-nucleon s-wave doublet amplitudes U1;ss′ , appearing in the channel (1) obey the equation (see e.g. [27])
U1;ss′(q, q
′, E) = V1;ss′(q, q′, E) +
∑
s′′=0,1
∞∫
0
V1;ss′′(q, q
′′, E) τ (s′′)d
(
E − 3q
′′2
4MN
)
U1;s′′s′(q
′′, q′, E)q
′′2dq′′
2π2
, s, s′ = 0, 1 . (16)
The effective potentials are defined in terms of the form factors gd(k) of the two-nucleon amplitude (9) as
V1;ss′(q, q
′, E) = Λss′
2
+1∫
−1
g
(s)
d (|~q ′ + 12~q |) g
(s′)
d (|~q + 12~q ′|)
E − q2
MN
− q′2
MN
− ~q·~q ′
MN
d(qˆ · qˆ′) , s, s′ = 0, 1 , (17)
where E denotes the total c.m. kinetic energy in the three nucleon system, and the matrix of the spin-isospin coefficients
is given by
Λ =

 12 − 32
− 32 12

 . (18)
The Hilbert-Schmidt expansion for the driving term V1;ss′ reads
V1;ss′(q, q
′, E) = −
∑
n
λn(E)u(s)n (q, E)u(s
′)
n (q
′, E) , (19)
where the functions u
(s)
n (q, E) are taken as the eigenfunctions of the kernel of equation (16) with the eigenvalues λn,
i.e.
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u(s)n (q, E) =
1
λn(E)
∑
s′=0,1
∞∫
0
V1;ss′ (q, q
′, E) τ (s′)d
(
E − 3q
′2
4MN
)
u(s
′)
n (q
′, E)q
′2dq′
2π2
, s = 0, 1 . (20)
They are normalized according to
∑
s=0,1
∞∫
0
u(s)n (q, E) τ (s)d
(
E − 3q
2
4MN
)
u
(s)
n′ (q, E)
q2dq
2π2
= −δnn′ . (21)
The separable form of the amplitude can easily be found
U1;ss′(q, q
′, E) =
∑
n
u(s)n (q, E)Θ1;n(E)u(s
′)
n (q
′, E) , Θ1;n(E) = λn(E)
λn(E)− 1 . (22)
The amplitudes for the ηNN scattering, related to the channel (2) and denoted in the following by U2;ij with
i, j ∈ {d,N∗}, are coupled into two independent sets corresponding to two possible spin-isospin ηNN s-wave states
(S;T ) = (0; 1) and (1; 0), denoted by an upper index (s) with s ∈ {0, 1}, each of the form
U
(s)
2;dd(q, q
′, E) =
∞∫
0
V
(s)
2;dN∗(q, q
′′, E) τN∗
(
E − q
′′2
2µ˜N∗
)
U
(s)
2;N∗d(q
′′, q′, E)q
′′2dq′′
2π2
, (23)
U
(s)
2;N∗d(q, q
′, E) = V (s)2;N∗d(q, q′, E) +
∞∫
0
[
V
(s)
2;N∗d(q, q
′′, E) τ (s)d
(
E − q
′′2
2µ˜d
)
U
(s)
2;dd(q
′′, q′, E)
+V
(s)
2;N∗N∗(q, q
′′, E) τN∗
(
E − q
′′2
2µ˜N∗
)
U
(s)
2;N∗d(q
′′, q′, E)
]q′′2dq′′
2π2
.
The reduced masses appearing in (23) are defined by
µ˜N∗ =
MN (MN +mη)
2MN +mη
, µ˜d =
2MNmη
2MN +mη
. (24)
The corresponding effective potentials are
V
(s)
2;dd(q, q
′, E) = 0 ,
V
(s)
2;dN∗(q, q
′, E) = 1√
2
+1∫
−1
g
(s)
d (|~q ′ + 12~q |) gηN∗(|~q + µηNMN ~q ′|)
E − q2
MN
− q′22µηN −
~q·~q ′
MN
d(qˆ · qˆ′) ,
V
(s)
2;N∗d(q, q
′, E) = V (s)2;dN∗(q′, q, E) , (25)
V
(s)
2;N∗N∗(q, q
′, E) = 1
2
+1∫
−1
gηN∗(|~q ′ + µηNMN ~q |) g
η
N∗(|~q + µηNMN ~q ′|)
E − q2
MN
− q′22µηN −
~q·~q ′
mη
d(qˆ · qˆ′) ,
where E is the total c.m. kinetic energy of the ηNN system. The properly antisymmetrized amplitudes for ηNN
scattering are expressed in terms of U
(s)
2;ij as (see [28,29])
U
(s)
2;dd = U
(s)
2;dd , U
(s)
2;N∗d =
1√
2
U
(s)
2;N∗d , s = 0, 1 . (26)
Analogously to (22) we have (i, j ∈ {d,N∗})
U
(s)
2;ij(q, q
′, E) =
∑
n
v
(s)
i;n(q, E)Θ(s)2;n(E)v(s)j;n(q′, E) , Θ(s)2;n(E) =
η
(s)
n (E)
η
(s)
n (E)− 1
, (27)
where the form factors v
(s)
i;n obey the homogeneous equation
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v
(s)
i;n(q, E) =
1
η
(s)
n (E)
∑
j=d,N∗
∞∫
0
V
(s)
2;ij(q, q
′, E) τ (s)j
(
E − q
′2
2µ˜j
)
v
(s)
j;n(q
′, E)q
′2dq′
2π2
, s = 0, 1 . (28)
Here, of course, one has τ
(s)
N∗ = τN∗ (s = 0, 1), and the eigenfunctions are normalized as
∑
i=d,N∗
∞∫
0
v
(s)
i;n(q, E) τ (s)i
(
E − q
2
2µ˜i
)
v
(s)
i;n′(q, E)
q2dq
2π2
= −δnn′ . (29)
In the actual calculation we have neglected any πNN states. Their inclusion would imply an increase in the number of
channels in the final equations as well as adoption of relativistic kinematics which would lead to much more complex
formalism. On the other hand due to its small mass, the pion is expected to give only minor corrections to low-energy
η-nucleus scattering [29,30].
Apart from the genuine three particle scattering amplitudes, we also need as input the effective amplitudes, denoted
here by U
(s)
3;ij , which describe two independent pairs of interacting particles in the channel (3). The corresponding
equations read in our case
U
(s)
3;dd(q, q
′, E) =
∞∫
0
V
(s)
3;dN∗(q, q
′′, E) τN∗
(
E − q
′′2
2νN∗
)
V
(s)
3;N∗d(q
′′, q′, E)q
′′2dq′′
2π2
, (30)
U
(s)
3;N∗d(q, q
′, E) = V (s)3;N∗d(q, q′, E) +
∞∫
0
V
(s)
3;N∗d(q, q
′′, E) τ (s)d
(
E − q
′′2
2νd
)
U
(s)
3;dd(q
′′, q′, E)q
′′2dq′′
2π2
,
where E is the sum of the internal energies in the NN and ηN subsystems. In the expressions (30) the notations
νd = µηN and νN∗ =MN/2 are used. The effective potentials are
V
(s)
3;dd(q, q
′, E) = 0 ,
V
(s)
3;dN∗(q, q
′, E) = g
(s)
d (q
′) gηN∗(q)
E − q22µηN −
q′2
MN
, (31)
V
(s)
3;N∗d(q, q
′, E) = V (s)3;dN∗(q′, q, E) ,
V
(s)
3;N∗N∗(q, q
′, E) = 0 .
Analogously to the treatment above, we introduce the form factors w
(s)
i;n (i ∈ {d,N∗}) as the eigenfunctions of the
Lippmann-Schwinger kernel
w
(s)
i;n(q, E) =
1
ξ
(s)
n (E)
∑
j=d,N∗
∞∫
0
V
(s)
3;ij(q, q
′, E) τ (s)j
(
E − q
′2
2νj
)
w
(s)
j;n(q
′, E)q
′2dq′
2π2
, i, j ∈ {d,N∗} , (32)
with an orthogonality condition analogous to (29). Then the separable form of the transition matrices is generated
by the Hilbert-Schmidt expansion
U
(s)
3;ij(q, q
′, E) =
∑
n
w
(s)
i;n(q, E)Θ(s)3;n(E)w(s)j;n(q′, E) , Θ(s)3;n(E) =
ξ
(s)
n (E)
ξ
(s)
n (E)− 1
. (33)
In the spirit of the terminology, adopted for the separable approach, we may interpret the function wi;n as the form
factor of the two-particle “bound state” j when the other two particles are in the “bound state” i.
In Figs. 3 through 5 we present the leading eigenvalues λn(E) and the real parts of η(s)n (E) and ξ(s)n (E). Several
comments are in order:
1) The validity of separable expansion above is strongly limited to the energy region below the triton break-up
threshold 3H → n+ d, i.e., to energies E < εd, where εd ≈ −2.22 MeV denotes the deuteron binding energy. Above
this region (E ≥ εd), due to the singularities appearing in the propagators as well as in the potentials, the kernels of
the equations become noncompact, and the Hilbert-Schmidt expansion loses its meaning. Therefore we shall restrict
our consideration to the region below the triton break-up threshold.
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2) The eigenvalue λ
(1)
1 goes through unity at the energy E = E3H ≈ −13 MeV, which is essentially lower than the
experimental value of the triton binding energy Eexp3H ≈ −8.5 MeV. This disagreement is a consequence of using the
extremely simple Yamaguchi NN scattering matrix (9). Although this ansatz fits low-energy NN scattering, it has
too long a tail into the high-momentum region and, therefore, predicts too much binding for the three-nucleon system.
3) The modulus of the eigenvalues λi and λi+1 are close to each other. Therefore, one can expect, that the leading
terms in the expansion (22) will cancel each other to a large extent, which may lead to a relatively slow convergence
rate of the sum. In order to demonstrate how well a finite sum (22) may represent the exact amplitude, we show in
Fig. 3 the ratio of the Schmidt norms
Rn(E) = ‖On‖‖O‖ , (34)
of the operators
O =
√
τ
(1)
d V
N
11
√
τ
(1)
d , On =
√
τ
(1)
d (V
N
11 − V N11,n)
√
τ
(1)
d , (35)
where V N11,n is given by the sum (19) containing only the first n terms. We see that the rate of convergence is not
very impressive but appears to be sufficient for the practical calculation. Already in the region close to the two-body
threshold (E = εn,d) the six leading terms in (19) accumulate more than 95 % of the Schmidt norm of O. The same
is valid for the ηNN case and especially for the (ηN) + (NN) channel as may be seen from Figs. 4 and 5.
The triton wave function was extracted from the pole of the 3N scattering amplitude. In the present calculation
we have restricted ourselves to the principal, spatially completely symmetric s-wave part, which in the usual notation
(see e.g. [31]) reads
Ψ3H = −ξaΨs(~p1, ~p2, ~p3) , (36)
where ξa denotes the completely antisymmetric spin-isospin part, given by
ξa =
1√
2
(χ(0)ζ(1) − χ(1)ζ(0)) . (37)
The spin function χ(s) (s = 0, 1) describes a three-nucleon spin=1/2 state which is obtained by coupling first the spins
of two nucleons to a spin s and then by coupling s with the spin of the third nucleon to a total spin 1/2. The isospin
function ζ(t) (t = 0, 1) is constructed in the same manner.
The spatial part Ψs, completely symmetrical with respect to the nucleon momenta, is given by
Ψs(~p1, ~p2, ~p3) =
1√
3
(1 + P13 + P23)ψ(k12, q3) . (38)
Here, k12 and q3 are the usual Jacobi momenta for the tree (1+2)+3. The function ψ(k, q) can be expressed within
our formalism in terms of the eigenfunctions (20) as follows
ψ(k, q) =
1√
2
(
u(0)(k, q)− u(1)(k, q)
)
, (39)
with
u(s)(k, q) = N g
(s)
d (k) τ
(s)
d
(
E3H − 3q2/4MN
) u(s)1 (q, E3H)
E3H − 3q2/4MN − k2/MN
. (40)
The normalization factor N is taken from the residue of the 3N scattering matrix (7) at E = E3H, and one finds
N−2 =
[dλ1
dE
]
E3H
. (41)
The elastic η-3H scattering amplitude Fη 3H(p) is then expressed in terms of the amplitudes X
(ss′)
1;11 , taken on the
energy shell,
Fη 3H(p) = −
µη 3H
2π
(
X
(00)
1;11 (p, p, E) +X
(11)
1;11 (p, p, E)− 2X(10)1;11 (p, p, E)
)
(42)
with p =
√
2µη 3HE and µη 3H being the η-
3H reduced mass. One should note that in the calculation of the amplitudes
X1 entering (42), the driving terms Z1i and Zi1 (i = 2, 3) in (6) and (8) were redefined in view of the approximation
(36) (see Appendix B).
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III. RESULTS AND DISCUSSION
In Table II we present our results for the η-3H scattering length obtained by keeping a finite number of terms in
the Hilbert-Schmidt expansion of the amplitudes (22), (27) and (33). One can see, that the rate of convergence of
aη 3H is approximately the same as that for the integral kernels discussed in the previous sections (see Figs. 3, 4 and
5). The choice n1 = 4, n2 = n3 = 6 provides rather satisfactory accuracy. Our result obtained with the ηN -input
corresponding to aηN = (0.75 + i 0.27) fm [24] is
aη 3H = (4.2 + i 5.7) fm . (43)
Firstly we note that the scattering length is rather large, which may be explained as a consequence of the virtual state
(the real part of the scattering length is positive) generated by the strong attraction of the η-3N interaction. The
large magnitude of aη 3H indicates that the corresponding pole of the scattering amplitude Fη 3H(p) lies near the elastic
scattering threshold. Turning to the region of positive energies, we present in Fig. 6 the total cross section for elastic
η-3H scattering. Here the virtual η-3H state manifests itself in a strong enhancement of σ(E) when E approaches the
threshold value. It would appear natural that this effect is really observed, e.g., in η-production in pd-collisions [2].
As already mentioned, we compare in Table III our predictions on the η-3H scattering length with those of [5,6]
using an ηN -interaction which reproduces the aηN scattering length of [5,6]. One must note a rather strong difference
of the results, especially for the real part of aη 3H. Apparently, the latter must be very sensitive to the position of the
pole in the amplitude as it lies close to zero energy. Very rough agreement may be noticed with [5]. But there is a
tendency of our prediction to give a larger value of ℜe aη 3H, which is probably due to the difference in the ηN range
parameter r0 noted in the beginning of Sect. II B.
As to the question about the existence of a quasibound state, which an η-meson can form with the lightest nuclei
[4–6,32], we see that within our model the η-3N interaction is not strong enough in order to bind the η-3H system.
This conclusion does not support the results of the FRA-model [6] or those of the optical model [4,32] where an η-3N
bound state appears already for rather modest values of the ηN scattering length. It should also be remembered that
our calculations are based on the rank-one separable NN potential which is known to overestimate the attraction in
the three-nucleon system. Therefore, we expect that the use of more refined NN models will most likely reduce the
probability for binding the η-3H-system.
IV. CONCLUSION
In the present paper, the four-body scattering formalism has been applied to study the η-3N interaction in the
energy region very close to the η-3H elastic scattering threshold. The calculational scheme, which formally allows
an exact solution, is based on the separable approximation of the appropriate integral kernels. The validity of this
approach is justified by the fact that the driving NN and ηN interactions are governed mainly by the S-matrix
poles, lying in each case near the low-energy region. Therefore, the separable potentials, giving the correct structure
of the amplitude close to the poles, are expected to provide an adequate approximation. In the present paper we
have realized one of the possible schemes for solving the η-3N four-body problem. To test its applicability, we have
investigated the Hilbert-Schmidt procedure for constructing a separable representation of finite rank of the four-body
kernels. The examination of their Schmidt norms shows that the rate of convergence by increasing the rank is not
very fast, but satisfactory for practical purposes. Keeping 6 to 8 terms in the separable expansion, we have obtained
a rather good precision. The same conclusion is valid for the calculation of the η-3H scattering length. At the same
time we would like to point out that the present calculation suffers from the oversimplification of the NN interaction,
for which the rank-one Yamaguchi potential has been used. Of course, this shortcoming can be cured by using a
more sophisticated separable approximation for the NN scattering matrix, requiring only more computational efforts.
Thus, our results may be considered as a starting point for more realistic calculations.
APPENDIX A
In this appendix the transition amplitudes for η-3N scattering are defined with due consideration of the Pauli
principle for nucleons. We begin with the two-body equations resulting from the quasiparticle approach to the four-
body problem [11,14]
Xαβ;nn′(~p, ~p
′, E) = Zαβ;nn′(~p, ~p
′, E) +
∑
γ 6=α
∑
n′′
∫
Zαγ;nn′′(~p, ~p
′′, E)Θγn′′(E)Xγβ;n′′n′(~p
′′, ~p ′, E)
d3p′′
(2π)3
. (A1)
8
Here the effective potentials
Zαβ;nn′(~p, ~p
′, E) =
∑
i
uαi;n(~q, E)τi(z)uβi;n′(~q ′, E ′) (A2)
are represented by the particle exchange diagrams (see e.g. Fig. 2). They include the propagator τi(z) of the quasi-
particle “i” depending on the two-body subenergy
z = E − p
2
2Mα
− p
′2
2Mβ
− ~p · ~p
′
mk
, (A3)
where Mα denotes the reduced mass in the two-particle channel α. The form factors u
α
i;n are generated by the
separable expansion of the subamplitudes in the (1+3)- and (2+2)-partitions
Uαij(~q, ~q
′, E) =
∑
n
uαi;n(~q, E)Θαn(E)uαj;n(~q ′, E) . (A4)
In the case α = (1+3) the functions Uαij(~q, ~q
′, E) are the familiar Lovelace amplitudes appearing within the pure
separable approach to the three-body scattering [27]. For α = (2+2) these functions describe two independently
propagating pairs of particles, each treated as a quasiparticle. In (A2) the energies E and E ′ in the subsystems α and
β, respectively, are defined by
E = E − p
2
2Mα
and E ′ = E − p
′2
2Mβ
. (A5)
The momenta ~q and ~q ′ in (A2) are of course functions of ~p and ~p ′
~q = ~p ′ +
Mα
mk
~p , ~q ′ = ~p+
Mβ
mk
~p ′ , (A6)
where mk is the mass of the exchanged particle (or quasiparticle). After a partial wave decomposition, the equations
(A1) are reduced to a set of integral equations in one variable, being thus manageable for practical purposes.
Turning to the η-3N system we will firstly define the notation. The set of channels, we are interested in, is given
by (1). In what follows, we do not consider the explicit structure of the equations, connected with the separable
expansion of the basic subamplitudes (index “n” in (A4)) and drop also the spin-isospin indices. It is convenient to
order the nucleons always cyclically, since in this case we have not to trace the sign, when changing from one state to
another. Denoting the nucleons as particles 1, 2 and 3, we consider the following 7 states which contribute
(i) one state in channel 1: |η(123)〉, denoted as 1 ,
(ii) three states in channel 2: |1(η23)〉, |2(η31)〉, |3(η12)〉, denoted as 2i with i = 1, 2, 3 ,
(iii) three states in channel 3: |(1η)(23)〉, |(2η)(31)〉, |(3η)(12)〉, denoted as 3i with i = 1, 2, 3 .
Here we assume that the wave functions of the subsystems containing two and three nucleons are already antisym-
metrized. For the present purpose we are interested in those amplitudes, which describe the transitions from channel
1 to the channels 1, 2i and 3i. They will be denoted respectively as X1, Xαi with i = 1, 2, 3. Then using the separable
approximation for the amplitudes (22), (27) and (33), the equations (A1) take the form
X1 =
3∑
j=1
Z1;2jΘ2jX2j +
3∑
j=1
Z1;3jΘ3jX3j ,
X2i = Z2i;1 + Z2i;1Θ1X1 +
3∑
j=1
(1− δij)Z2i;2jΘ2jX2j +
3∑
j=1
Z2i;3jΘ3jX3j , (A7)
X3i = Z3i;1 + Z3i;1Θ1X1 +
3∑
j=1
Z3i;2jΘ2jX2j ,
where i = 1, 2, 3. The meaning of the driving terms Zαiβj is explained schematically by the diagrammatical repre-
sentation in Fig. 2. Their analytical expressions are given in Appendix B. The terms Z2i;3j and Z3i;2j have different
structures for i = j and for i 6= j and therefore are written down separately.
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The wave functions of different states belonging to the same channel may be obtained from each other by cyclic
permutation of the nucleon coordinates. This fact allows one to obtain various relations between the transition
amplitudes Zαi;βj . For example, we have by cyclic permutation
Z21;22 = 〈1(η23)|Z|2(η31)〉 = 〈2(η31)|Z|3(η12)〉 = Z22;23 . (A8)
Repeating the procedure, one finds the general relation for i 6= j
Z2i;2j = Z21;22 . (A9)
In the same manner and by applying a combination of a cyclic permutation with a permutation within an antisym-
metrized NN -state, one obtains for the transition 2→ 3 the general relations
Z2i;3i = Z21;31 , (A10)
Z2i;3j = Z21;32 for i 6= j . (A11)
Then, taking into account the obvious identities
Θα1 = Θα2 = Θα3 ≡ Θα , (α = 2, 3) (A12)
and defining the properly antisymmetrized amplitudes in the channels 1 to 3 by
Xa1 = X1 , X
a
α =
1√
3
3∑
i=1
Xαi , for α = 2, 3 , (A13)
we arrive at the following set of equations
Xa1 =
√
3Z1;21Θ2X
a
2 +
√
3Z1;31Θ3X
a
3 ,
Xa2 =
√
3Z21;1 +
√
3Z21;1Θ1X
a
1 + 2Z21;22Θ2X
a
2 + (2Z21;32 + Z21;31)Θ3X
a
3 , (A14)
Xa3 =
√
3Z31;1 +
√
3Z31;1Θ1X
a
1 + (2Z31;22 + Z31;21)Θ2X
a
2 .
The last step we have to make is to change from the driving terms Zαi;βj to the terms, which couple the antisym-
metrized states
Z12 =
1√
3
〈η(123)|Z|Pˆ1(η23)〉 = 〈η(123)|Z|1(η23)〉 = Z1;21 . (A15)
Here Pˆ stands for the cyclic permutations of the nucleon labels according to
|Pˆ i(ηjk)〉 = |i(ηjk)〉+ |j(ηki)〉+ |k(ηij)〉 . (A16)
In a similar manner we obtain
Z22 =
1
3
〈Pˆ1(η23)|Z|Pˆ1(η23)〉 = 2Z21;22 ,
Z21 = Z21;1 ,
Z13 =
1√
3
〈η(123)|Z|Pˆ (1η)(23)〉 = Z1;31 , (A17)
Z23 =
1
3
〈Pˆ1(η23)|Z|Pˆ (1η)(23)〉 = 2Z21;32 + Z21;31 ,
Z31 = Z31;1 ,
Z32 = 2Z31;22 + Z31;21 .
Substituting (A17) into (A14), we end up with the system (2).
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APPENDIX B
In this appendix we list the explicit expressions for the driving terms, appearing in the separable-potential approach
to the η-3N problem. As was mentioned already, we consider only s-wave orbitals in all subsystems. Therefore the spin
algebra may be done independently. The corresponding spin-isospin coefficients δss′ and Λss′ are found by applying
the usual angular momentum recoupling schemes (see e.g. [33]). All driving terms have the same general functional
form
Z˜
(ss′)
αβ;nn′(p, p
′, E) =
Ωss′
2
+1∫
−1
u˜(s)n (q, E −
p2
2Mα
) τ˜ (E − f(p, p′ )) v˜(s)n (q′, E ′ −
p′2
2Mβ
) d(pˆ · pˆ′) . (B1)
We list in Table IV for each driving term the corresponding assignments for the various symbols appearing in (B1),
where Λss′ is defined by
Λ =

 14 − 34
− 34 14

 . (B2)
The coefficient 2 in the terms Z22 and Z
2
23 stems from the identity of the nucleons, as described in Appendix A. The
reduced masses are defined in (5), (15) and (24). Furthermore, one should note that we have split Z23 into two terms
Z23 = Z
1
23 + Z
2
23 . (B3)
The remaining driving terms are obtained from
Z
(ss′)
21;nn′(p, p
′, E) = Z
(s′s)
12;n′n(p
′, p, E) , (B4)
Z
(ss′)
31;nn′(p, p
′, E) = Z
(s′s)
13;n′n(p
′, p, E) , (B5)
Z
(ss′)
32;nn′(p, p
′, E) = Z
(s′s)
23;n′n(p
′, p, E) . (B6)
In accordance with the approximation (36) for the target wave function, we redefine the driving terms Z21 and
Z31 in (6) as well as the terms Z12 and Z13 in (8). Instead of them, we introduce effective potentials which are
symmetrized over the singlet and triplet NN -states in the triton
Z
(ss′)
12;1n′(p, p
′, E)→ Z(ss
′)
12;1n′(p, p
′, E) =
1
2
(
Z
(00)
12;1n′(p, p
′, E)− Z(11)12;1n′(p, p′, E)
)
. (B7)
The other terms Z
(ss′)
21;n′1, Z
(ss′)
13;1n′ , and Z
(ss′)
31;n′1 are defined by analogous relations.
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TABLE I. Listing of parameters determining the separable parametrization of the NN and ηN scattering matrices.
g
(0)
d [MeV
−1/2] g
(1)
d [MeV
−1/2] β0 [fm
−1] β1 [fm
−1] gηN∗ g
π
N∗ βη [fm
−1] βπ [fm
−1] M0 [MeV]
0.4076 0.4863 1.4488 1.4488 2.10 1.04 6.5 4.5 1661
TABLE II. The scattering length aη 3H as a function of the number nα of separable terms kept in the Hilbert-Schmidt
expansion for the (1+3) and (2+2) amplitudes. The values of n1, n2 and n3 denote the number of terms kept in the separable
expansion of the amplitudes (22), (27) and (33), respectively.
n1 n2 n3 aη 3H [fm]
2 2 2 2.51 + i 1.60
4 2 2 2.54 + i 1.66
4 4 2 3.68 + i 3.46
4 4 4 3.99 + i 4.74
6 4 4 3.98 + i 4.75
6 6 4 4.16 + i 5.52
6 6 6 4.18 + i 5.67
6 8 6 4.19 + i 5.69
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TABLE III. Comparison of the predictions for the η 3H-scattering lengths of the present model with the ones obtained in
[5,6] for the corresponding ηN-scattering length.
aηN [fm] aη 3H [fm] aη 3H [fm] (this work)
0.57 + i 0.39 1.32 + i 4.37 [5] 2.23 + i 3.00
0.29 + i 0.36 0.58 + i 2.17 [5] 0.97 + i 1.72
0.27 + i 0.22 0.41 + i 2.00 [6] 0.69 + i 0.67
0.55 + i 0.30 −1.56 + i 3.00 [6] 2.35 + i 1.68
TABLE IV. Listing of symbols appearing in (B1).
Z˜
(ss′)
αβ;nn′
Ωss′ u˜
(s)
n ~q τ˜ f(p, p
′ ) v˜
(s)
n ~q
′
Z
(ss′)
12;nn′
δss′ u
(s)
n ~p
′ + 1
3
~p τ
(s)
d
p2
2µ˜d
+ 3p
′2
4MN
+ ~p·~p
′
2MN
v
(s)
d;n ~p+
µ˜d
2MN
~p ′
Z
(ss′)
13;nn′
δss′ u
(s)
n ~p
′ + 2
3
~p τ
(s)
d
p2
2µηN
+ 3p
′2
4MN
+ ~p·~p
′
MN
w
(s)
d;n ~p+
µηN
MN
~p ′
Z
(ss′)
22;nn′
2Λss′ v
(s)
N∗ ;n ~p
′ +
µ˜N∗
MN+mη
~p τN∗
p2
2µ˜N∗
+ p
′2
2µ˜N∗
+ ~p·~p
′
MN+mη
v
(s′)
N∗;n ~p+
µ˜N∗
MN+mη
~p
Z
1(ss′)
23;nn′
δss′ v
(s)
d;n ~p
′ + µ˜d
mη
~p τ
(s)
d
p2
2µηN
+ p
′2
2µ˜d
+ ~p·~p
′
mη
w
(s)
d;n ~p+
µηN
mη
~p ′
Z
2(ss′)
23;nn′
2Λss′ v
(s)
N∗ ;n ~p
′ +
µ˜N∗
MN
~p τN∗
p2
MN
+ p
′2
2µ˜N∗
+ ~p·~p
′
MN
w
(s′)
N∗;n ~p+
1
2
~p ′
13
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FIG. 1. Diagrammatic representation of the equations (3) for the transition amplitudes Xα of η-3N scattering.
w (s)d;n
nu
(s)
nu
(s)
vd;n
(s)
13 = Z 12 =Z
v (s)N*;n
v (s)N*;n v
(s)
N*;n
Z 23 =2
w(s)N*;nw
(s)
d;n
Z 23 =
1
v (s)d;n
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FIG. 2. Diagrammatic representation of the potentials Zαβ in the separable approximation (see Appendix B).
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FIG. 3. Left panel: The leading eigenvalues of the Hilbert-Schmidt expansion for the three-nucleon scattering amplitude in
the S = T = 1/2 state. Right panel: The ratio between the Schmidt norms of the kernels O and On as defined by (34) and
(35).
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FIG. 4. The same as in Fig. 3 for ηNN-scattering in the (S;T ) = (1; 0) state.
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FIG. 5. The same as in Fig. 3 for the (ηN)+(NN) partition.
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FIG. 6. Total cross section of elastic η-3H-scattering versus the c.m. kinetic energy E.
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